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a b s t r a c t
In this article we investigate the existence of pairwise balanced designs on v points having
blocks of size five, with a distinguished block of sizew, briefly (v, {5, w∗} , 1)-PBDs.
The necessary conditions for the existence of a (v, {5, w∗} , 1)-PBDwith a distinguished
block of size w with v > w are that v ≥ 4w + 1, v ≡ w ≡ 1 (mod 4) and either
v ≡ w (mod 20) or v + w ≡ 6 (mod 20). Previously, Bennett et al. had shown that these
conditions are sufficient for w > 2457 with the possible exception of v = 4w + 9 when
w ≡ 17 (mod 20), and had studied w ≤ 97 in detail, showing there that the necessary
conditions are sufficient with 71 possible exceptions.
In this article, we show sufficiency for w ≡ 1, 5, 13 (mod 20) and give a small
list of possible exceptions containing 26 and 104 values for w ≡ 9, 17 (mod 20). For
w ≡ 9 (mod 20), all possible exceptions satisfy either v = 4w + 13 with w ≤ 489
or v 6≡ w (mod 20) with v < 5w and w ≤ 129; for w ≡ 17 (mod 20), all possible
exceptions except (v,w) = (197, 37), (529, 37) satisfy either v = 4w+9 withw ≤ 1757
or v 6≡ w (mod 20)with v < 5w andw ≤ 257.
As an application of our results for w = 97, we establish that, if v ≡ 9, 17 (mod 20),
v ≥ 389 and v 6= 429, then the smallest number of blocks in a pair covering design with
k = 5 is dv(v − 1)/20e, i.e., the Schönheim bound.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
In this article we continue the investigation of the existence of pairwise balanced designs on v points having blocks of
size five, with a distinguished block of sizew, briefly (v, {5, w∗} , 1)-PBDs (see the end of this section for the location of our
open cases). More generally, a (v, K , λ)-PBD is a designwhere every pair of points occurs in exactly λ blocks, and K is a list of
block sizes that possibly occur. Since we will only consider λ = 1 here, we will omit further mention of this parameter. The
notation K ∪ {h∗}means we can identify one block of size h in the design, and the other blocks have sizes in K (more blocks
of size h are allowed only if h ∈ K ). We are concerned primarily with the case that K = {5} and, following convention, we
will omit the braces on this single element list. Simple counting arguments establish Theorem 1.
Theorem 1. The necessary existence conditions for a (v, {5, w∗} , 1)-PBD with v > w are that w ≡ 1 (mod 4), v ≥ 4w + 1
and either v ≡ w (mod 20) or v + w ≡ 6 (mod 20).
Bennett et al. [8] were the first to study (v, {5, w∗} , 1)-PBDs for general values ofw (see [8] for a background on this and
related problems). They established that the necessary conditions are sufficient forw ≥ 2477 except possibly for v = 4w+9
whenw ≡ 17 (mod 20), and are sufficient for allw ≡ 1 (mod 4) when v > 19w+1. They gave a complete list of their open
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cases for w < 100, and for v ≡ w (mod 20), they gave a fairly complete description for 4w + 1 ≤ v ≤ 6w − 5. However,
for the range 6w − 5 < v ≤ 19w + 1 they gave few details.
In this article, our initial objective was merely to improve Bennett et al.’s results for w < 100 but, since we managed to
solve over 75% of their open cases in this range, as well as improve their results for 4w + 1 ≤ v ≤ 6w − 5, we decided to
examine more closely the range 6w − 5 < v ≤ 19w + 1 forw > 100 and eventually solved all the cases in that range. The
current status of the problem is that, apart from twopossible designs, all of our open cases satisfy either (1) v = 4w+13with
w ≡ 9 (mod 20), w ≤ 489, (2) v = 4w + 9 with w ≡ 17 (mod 20), w ≤ 1757, (3) v < 5w, w ≤ 129 and w ≡ 9 (mod 20)
or (4) v < 5w, w ≤ 257 and w ≡ 17 (mod 20). The two series (of 19 and 65 open cases for v = 4w + 13 and 4w + 9)
would largely be solved if we had a (49, {5, 9∗} , 1)-PBD and a (77, {5, 17∗} , 1)-PBD, but the other v < 5w cases really need
some new approach. Also, the two sporadic open cases ((v,w) = (197, 37), (529, 37)), could be constructed if we hadmore
smaller designs (PBDs and ITDs).
Our open cases are given in Table 2 forw < 100, Table 3 forw > 100 and v ≡ w (mod 20), and Theorems 26 and 27 for
w > 100 and v 6≡ w (mod 20).
2. Some PBDs, GDDs and RGDDs
In this section we quote some useful results, but first we mention notation. Most of the terminology and design types
we use (e.g. group divisible design (GDD), incomplete group divisible design (IGDD), frame, transversal design (TD) and
incomplete transversal design (ITD)) are quite standard in design theory: see [9].
A group divisible design or {K}-GDD with group type g t11 g t22 . . . g tnn is a design with block sizes from K , and on
∑n
i=1 tigi
points partitioned into ti groups of size gi. Two points appear in one block if not in the same group and no blocks otherwise.
If the block size list consists of a single size, i.e., K = {k}, we will refer to a {k}-GDD as a k-GDD. If instead there are ci holey
points within each group of size gi, and none of the
∑n
i=1 tici holey points appear in any block, then we call the resulting
design an incomplete GDD or IGDD of type (g1, c1)t1(g2, c2)t2 . . . (gn, cn)tn .
An incomplete♦-IPBD is a quadruple (X, Y1, Y2, β)where X is a set of points, Y1, Y2 are subsets of X , β is a set of blocks
and any 2 points x1, x2 ∈ X appear in exactly one block from β unless {x1, x2} ⊂ Y1 or {x1, x2} ⊂ Y2, in which case x1, x2
appear in no blocks from β . If |X | = x, |Y1| = y1, |Y2| = y2, and |Y1∩Y2| = y3, then such a design is called a (x, y1, y2, y3; K)-
♦-IPBD.♦-IPBDs were first used by Stinson [22].
Transversal designs of order n are denoted as TD(k, n); note that a TD(k, n) is a k-GDD of group type nk. We use the prefix
‘‘R’’ to denote a resolvable design, and the prefix ‘‘I’’ to denote an incomplete design.
Theorem 2 ([4]). A TD(k,m) exists if:
(1) k = 5 and m ≥ 4 and m 6∈ {6, 10};
(2) k = 6 and m ≥ 5 and m 6∈ {6, 10, 14, 18, 22};
(3) k = 7 and m ≥ 7 and m 6∈ {10, 14, 15, 18, 20, 22, 26, 30, 34, 38, 46, 60}.
An incomplete transversal design, ITD(k,m; h) (which is sometimes written as a TD(k,m)− TD(k, h)) is a TD(k,m)with
a missing TD(k, h) subdesign. We will need to use incomplete transversal designs. Theorem 3 gives some basic properties
but, for h > 1, our authority for existence will be [2,3,5].
Theorem 3. An ITD(k,m; 1) is equivalent to a TD(k,m) with a block removed. An ITD(k,m; h) must have m ≥ (k − 1)h. This
necessary condition is sufficient for k = 5 with h > 1.
Theorem 4 ([24]). A 5-GDD of type gu exists if u ≥ 5 and either:
(1) g ≡ 0 (mod 20); or
(2) g ≡ 0 (mod 4) and u ≡ 0, 1 (mod 5).
Example 5. A 5-GDD of type 165121.
We construct this as a {4, 5}-GDD of type 165 where the blocks of size 4 form 12 parallel classes whose completion gives
the required 5-GDD. We use the points {a, b, c, d} × Z2 × Z10 (plus 12 infinite points), and the size 16 groups consist of
points having the same value modulo 5 in the final Z10 element. The base blocks are given below; the first three are short
and generate 4 blocks; others generate 20 blocks by developing the subscripts (mod (2, 10)):(
s(0,0), s(0,2), s(0,4), s(0,6), s(0,8)
)
for s = b, c and d.
B1 :
(
a(0,0), a(0,2), a(1,8), d(1,1), d(1,4)
)
B2 :
(
a(0,0), a(0,4), a(1,1), b(1,7), b(1,8)
)
B3 :
(
a(0,0), c(0,2), c(1,3), d(0,4), d(1,6)
)
B4 :
(
b(0,9), c(0,0), c(1,3), d(0,6), d(1,2)
)
B5 :
(
b(0,0), b(0,3), b(1,9), c(0,6), c(0,7)
)
B6 :
(
a(0,0), a(0,7), b(0,9), c(1,8)
)
B7 :
(
b(0,4), c(0,3), d(0,0), d(1,1)
)
B8 :
(
a(0,2), b(0,0), b(1,3), d(0,1)
)
B9 :
(
a(1,4), c(0,0), c(1,2), d(1,6)
)
B10 :
(
a(1,3), b(0,2), c(0,0), c(1,4)
)
B11 :
(
a(1,2), b(1,6), d(1,0), d(1,9)
)
B12 :
(
a(0,0), a(0,9), c(0,3), c(0,6)
)
B13 :
(
b(0,0), b(1,2), d(0,8), d(1,1)
)
B14 :
(
a(0,0), b(0,1), c(1,2), d(1,3)
)
B15 :
(
a(0,0), b(0,3), c(1,9), d(1,7)
)
B16 :
(
a(0,0), b(1,2), c(1,4), d(0,1)
)
B17 :
(
a(0,0), b(1,6), c(0,9), d(1,8)
)
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The last four blocks of size 4 each generates a parallel class on the finite points. The other blocks of size 4, taken in pairs,
generate 2 parallel classes per pair. One of these is obtained by adding the following values to the block pair: B6, B7: add
(0, e) and (1, e); B8, B9: add (0, e) and (0, o); B10, B11: add (0, e) and (1, o); for the final pair: add (0, e) and (1, e) to B12 and
add (0, e) and (0, o) to B13, where e (o) denotes the even (odd) values in Z10.
A 5-GDD of type 24581.
We construct this as a {4, 5}-GDD of type 245 where the blocks of size 4 form 8 parallel classes whose completion gives the
required 5-GDD. We use the points {a, b} × Z60 (plus 8 infinite points), and the size 24 groups consist of points having the
same value modulo 5 in the Z60 subscript. We develop the subscripts in the following base blocks (mod 60):
(a0, a12, a24, a36, a48) (a0, a2, a6, a28, b4) (a0, a9, a23, a42, b56)
(a0, a8, a11, b29, b57) (a0, a16, a17, b8, b44) (a0, b1, b3, b12, b34)
(a0, b7, b11, b53, b59) (a0, b6, b9, b12, b43) (a0, a7, b31, b48)
(a0, a13, b32, b39) (a0, a21, b37, b38) (a0, a29, b23, b42)
The first block is short. Each of the last 4 blocks gives 2 parallel classes on the non-infinite points by adding odd and even
residues modulo 60 to them.
The two GDDs in Example 5 allow us to update the known existence results for 5-GDDs of type g5m1:
Theorem 6 ([8,14,19,23]). A 5-GDD of type g5m1 exists if g ≡ 0 (mod 4), m ≡ 0 (mod 4) and m ≤ 4g/3, with the possible
exceptions of (g,m) = (12, 4) and (12, 8).
Theorem 7 ([8,12,23,24]). 5-GDDs of types 81541, 819281, 823121, 12741, 121081, 1210161, 121241, 121381, 167121, 12881 and
16841 all exist.
Theorem 8 ([1,6,7,16]). A (v, 5, 1) BIBD exists if and only if v ≡ 1, 5 (mod 20). A (v, 5, 1) RBIBD exists if and only if
v ≡ 5 (mod 20), with the possible exception of v ∈ {45, 345, 465, 645}.
Theorem 9. [ [19]] A 5-RGDD of type g6 exists if and only if g ≡ 0 (mod 20).
There is a very useful way (namely, completion) of exploiting 4-RGDDs to obtain K1(4)-PBDs where K1(4) is the set of
integers≡ 1 (mod 4). We state the result as follows.
Lemma 10. If both a 4-RGDD of type hn and an
(
h+ e, {K1(4), e∗} , 1)-PBD exist, then so does a (v, {K1(4), ( h(n−1)3 + e)∗} , 1)-
PBD with v = hn+ h(n− 1)/3+ e.
Proof. Start with a 4-RGDD of type hn, extend all the parallel classes to block size 5 giving a 5-GDD of type hn(h(n− 1)/3)1.
By adjoining e infinite points and filling in groups with a
(
h+ e, {K1(4), e∗} , 1)-PBD, we obtain our PBD. 
Theorem 11 ([11,13,15,21]). A 4-RGDD of type gn exists if and only if a 5-GDD of type gn(g(n − 1)/3)1 exists. The necessary
conditions for the existence of a 4-RGDD of type gn are gn ≡ 0 (mod 4), g(n− 1) ≡ 0 (mod 3) and n ≥ 4. These conditions are
sufficient in the following cases:
(1) g ≡ 1 (mod 2) except possibly (g, n) = (9, 44);
(2) g ≡ 4, 8 (mod 12);
(3) g ≡ 0 (mod 12) with the possible exception of types 1227, 3611, 3614, 3615, 3618 and 3623.
Theorem 12 ([17]). The necessary and sufficient existence condition for a (v, 4, 1) RBIBD is that v ≡ 4 (mod 12). Consequently,
a 4-Frame of type 3w and a (4w + 1, {5, w∗} , 1)-PBD exist for anyw ≡ 1 (mod 4).
Proof. The 4-Frame is formed by deleting a point and its lines from a (3w+1, 4, 1) RBIBD, and the PBD is formed by adding
infinite points to thew parallel classes of a (3w + 1, 4, 1) RBIBD. 
One of ourmain recursive constructions isWilson’s fundamental construction, and some variants. The basic construction
assigns weights to the points of the master GDD and, assuming we have an ingredient GDD of type given by the weights for
any block of themaster GDD, produces aGDDwith block sizes determined by the ingredient sizes and group type determined
by the total weight of each of the original groups. For a more formal description, see, e.g., [10, Theorem 1.4.9]. We will need
two variants. The first takes an IGDD as the master design, assigns weights to all points, uses GDDs as ingredients and
produces an IGDD but now the type is determined by the total weight of each of the original groups and of the missing
points within each of those groups; see, e.g., [10, Theorem 2.4.2] (ignoring the fact that their GDDs and IGDDs are frames
and incomplete frames). For the second variant, we start with a master GDD, and assign a biweight to each point (so the old
points are replaced by new points, some of which are missing) and use IGDDs as the ingredients to produce an IGDD with
type determined by the total biweight of each of the original groups (see, e.g., [10, Theorem 2.4.8] with W = ∅). We will
refer to Wilson’s fundamental construction in its basic form and its variants asWFC.
Now we need some ways of filling the groups of GDDs and IGDDs.
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Lemma 13. Let a K-IGDD of type {(g1, h1), (g2, h2), . . . , (gn, hn)} be given and, for i ≥ 2, suppose we have a (gi + b, hi +
a, b, a; K)-♦-IPBD, then a (G+ b,H + a, g1 + b, h1 + a; K)-♦-IPBD exists (where G =∑i=ni=1 gi and H =∑i=ni=1 hi).
There are a couple of obvious ways of constructing a♦-IPBD. Theorem 21 gives one, and Lemma 14 another.
Lemma 14. Given a K-GDD of type {g1, g2, . . . , gn} and, for i ≥ 3, given a (gi + b, {K ∪ b∗}, 1)-PBD, then a
(G+ b, g1 + b, g2 + b, b; K)-♦-IPBD exists (where G =∑i=ni=1 gi).
Wemay fill one of the holes of a♦-IPBD to get an IPBD with a single hole.
Lemma 15. If a (v,w, x, y; K)-♦-IPBD and a (x, {K ∪ y∗}, 1)-PBD both exist, then there is a (v, {K ∪ w∗}, 1)-PBD.
Thenumber of extra points used in Lemma13was (b, a), and for the♦-IPBDs to exist forK = {k}, we need b ≥ (k−1)a+1
if b > a, but we can also have b = a (i.e., all the extra points are missing). The case where the IGDD in Lemma 13 is actually
a GDD, so hi = 0 for all i and a = 0 also gives a special case of interest. Of particular use is this special case with the starting
GDD given by Theorem 6, which we state as a separate lemma.
Lemma 16. Let a 5-GDD of type g5m1 and a (g + e, {5, e∗} , 1)-PBD exist.
(1) Then a (5g +m+ e, {5, (m+ e)∗} , 1)-PBD exists.
(2) If, in addition, an (m+ e, {5, e∗} , 1)-PBD exists, then it follows that a (5g +m+ e, {5, (g + e)∗} , 1)-PBD exists.
3. Designs withw < 100
Bennett et al. [8] established the sufficiency for w < 100 with 71 possible exceptions. We will construct PBDs for 54
of these exceptions, mostly with direct constructions. For our direct construction of a (v, {5, w∗} , 1)-PBD we will actually
construct a {4, 5}-GDD of type 4(v−w)/4 where the blocks of size 4 can be partitioned intow − 1 parallel classes.
For our first set of constructions, the point set is G = Zv−w and the groups are given by the distinct residues modulo
(v − w)/4. Each of the base blocks of size 4 has distinct residues modulo 4, and generates 4 parallel classes.
(v,w) = (397, 29) G = Z368
(0, 40, 136, 168, 180), (0, 36, 100, 26, 211), (0, 124, 282, 241, 239),
(0, 60, 176, 274, 130), (0, 68, 172, 281, 65), (0, 76, 160, 121, 55),
(0, 156, 288, 23, 357), (0, 164, 16, 354, 17), (0, 28, 52, 174, 79),
(0, 20, 108, 102, 169), (0, 48, 56, 137, 209), (0, 112, 171, 218, 29),
(0, 4, 97, 62, 295), (0, 120, 162, 71, 349), (0, 205, 54, 227),
(0, 177, 186, 63), (0, 5, 230, 131), (0, 33, 134, 15),
(0, 37, 50, 75), (0, 53, 110, 255), (0, 85, 78, 203).
(v,w) = (249, 37) G = Z212
(0, 2, 44, 68, 120), (0, 12, 20, 26, 108), (0, 3, 28, 60, 100),
(0, 16, 35, 64, 71), (0, 4, 69, 84, 125), (0, 1, 39, 50),
(0, 5, 119, 142), (0, 9, 67, 178), (0, 17, 47, 150),
(0, 21, 95, 126), (0, 33, 46, 135), (0, 37, 59, 122),
(0, 27, 45, 158), (0, 51, 61, 134).
(v,w) = (369, 37) G = Z332
(0, 44, 108, 123, 140), (0, 8, 84, 112, 122), (0, 4, 24, 27, 60),
(0, 12, 14, 25, 80), (0, 18, 48, 100, 129), (0, 16, 88, 141, 181),
(0, 1, 22, 71), (0, 5, 147, 154), (0, 9, 95, 182),
(0, 37, 135, 170), (0, 57, 63, 102), (0, 42, 61, 155),
(0, 31, 65, 106), (0, 69, 115, 158), (0, 47, 73, 178).
(v,w) = (469, 37) G = Z432
(0, 4, 52, 124, 136), (0, 8, 100, 160, 211), (0, 32, 108, 306, 202),
(0, 68, 88, 125, 23), (0, 56, 96, 3, 265), (0, 144, 64, 282, 25),
(0, 28, 156, 174, 289), (0, 24, 140, 98, 113), (0, 16, 164, 5, 117),
(0, 36, 177, 2, 35), (0, 44, 269, 14, 291), (0, 237, 150, 131),
(0, 301, 78, 91), (0, 189, 86, 79), (0, 161, 62, 167),
(0, 9, 38, 187), (0, 17, 66, 259), (0, 21, 82, 235),
(0, 69, 206, 59), (0, 81, 278, 127).
(v,w) = (265, 41) G = Z224
(0, 4, 6, 28, 92), (0, 8, 18, 48, 108), (0, 41, 44, 120, 140),
(0, 16, 27, 52, 59), (0, 12, 29, 80, 101), (0, 1, 34, 83),
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(0, 5, 122, 179), (0, 9, 103, 158), (0, 13, 119, 166),
(0, 37, 91, 110), (0, 38, 69, 115), (0, 62, 85, 159),
(0, 26, 93, 163), (0, 15, 78, 113), (0, 129, 143, 182).
(v,w) = (285, 41) G = Z244
(0, 24, 36, 124, 157), (0, 8, 64, 92, 110), (0, 4, 48, 80, 149),
(0, 20, 65, 72, 181), (0, 16, 42, 112, 146), (0, 29, 68, 89, 108),
(0, 1, 23, 38), (0, 5, 131, 158), (0, 9, 147, 178),
(0, 25, 35, 162), (0, 41, 47, 90), (0, 57, 74, 151),
(0, 59, 62, 73), (0, 30, 81, 159), (0, 50, 103, 105),
(0, 54, 67, 125).
(v,w) = (281, 45) G = Z236
(0, 16, 20, 64, 88), (0, 2, 8, 40, 92), (0, 12, 25, 108, 136),
(0, 1, 10, 36, 116), (0, 3, 56, 63, 132), (0, 22, 87, 181),
(0, 75, 154, 185), (0, 86, 147, 189), (0, 5, 39, 170),
(0, 29, 43, 138), (0, 37, 54, 99), (0, 41, 91, 114),
(0, 30, 49, 123), (0, 11, 57, 78), (0, 81, 139, 166),
(0, 101, 119, 134).
(v,w) = (321, 45) G = Z276
(0, 4, 20, 100, 132), (0, 8, 44, 116, 163), (0, 3, 12, 76, 139),
(0, 2, 28, 84, 106), (0, 17, 60, 152, 222), (0, 10, 11, 52, 120),
(0, 40, 88, 123, 147), (0, 7, 30, 181), (0, 99, 154, 185),
(0, 58, 143, 189), (0, 5, 19, 178), (0, 29, 79, 130),
(0, 37, 62, 75), (0, 49, 94, 115), (0, 53, 118, 195),
(0, 39, 57, 150), (0, 34, 61, 67), (0, 74, 89, 179).
(v,w) = (277, 49) G = Z228
(0, 4, 20, 44, 152), (0, 3, 8, 64, 92), (0, 12, 27, 60, 112),
(0, 2, 32, 68, 156), (0, 34, 87, 181), (0, 103, 122, 185),
(0, 98, 99, 189), (0, 9, 23, 142), (0, 21, 67, 126),
(0, 29, 70, 107), (0, 54, 65, 71), (0, 62, 69, 111),
(0, 38, 73, 83), (0, 55, 77, 170), (0, 79, 97, 110),
(0, 50, 75, 101).
(v,w) = (297, 49) G = Z248
(0, 4, 20, 44, 72), (0, 8, 56, 116, 127), (0, 12, 76, 156, 159),
(0, 6, 36, 102, 136), (0, 23, 32, 107, 120), (0, 26, 91, 181),
(0, 103, 134, 185), (0, 74, 131, 189), (0, 1, 170, 231),
(0, 5, 43, 142), (0, 25, 46, 123), (0, 33, 47, 86),
(0, 41, 70, 179), (0, 27, 42, 49), (0, 54, 73, 167),
(0, 85, 87, 122), (0, 50, 95, 105).
(v,w) = (317, 49) G = Z268
(0, 4, 20, 52, 80), (0, 8, 72, 140, 203), (0, 12, 35, 96, 120),
(0, 36, 47, 124, 226), (0, 18, 40, 156, 182), (0, 3, 44, 95, 100),
(0, 30, 75, 181), (0, 103, 158, 185), (0, 54, 155, 189),
(0, 9, 15, 154), (0, 17, 111, 170), (0, 25, 38, 143),
(0, 37, 39, 58), (0, 49, 50, 119), (0, 46, 53, 127),
(0, 57, 71, 178), (0, 31, 93, 122), (0, 66, 99, 109).
(v,w) = (377, 49) G = Z328
(0, 4, 28, 60, 148), (0, 8, 100, 136, 210), (0, 44, 156, 285, 297),
(0, 72, 140, 25, 89), (0, 48, 132, 2, 9), (0, 16, 96, 258, 73),
(0, 20, 124, 310, 137), (0, 40, 116, 102, 101), (0, 52, 160, 11, 163),
(0, 77, 22, 67), (0, 189, 42, 91), (0, 113, 270, 207),
(0, 233, 150, 183), (0, 257, 138, 103), (0, 249, 54, 135),
(0, 161, 30, 127), (0, 5, 26, 151), (0, 29, 134, 107),
(0, 37, 106, 159), (0, 65, 158, 59), (0, 85, 66, 175).
(v,w) = (329, 57) G = Z272
(0, 4, 20, 44, 76), (0, 8, 60, 103, 148), (0, 12, 101, 116, 164),
(0, 7, 36, 100, 180), (0, 10, 28, 106, 112), (0, 22, 71, 181),
(0, 51, 126, 185), (0, 50, 147, 189), (0, 1, 55, 122),
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(0, 5, 79, 82), (0, 21, 62, 135), (0, 25, 58, 123),
(0, 37, 131, 142), (0, 39, 53, 66), (0, 23, 61, 70),
(0, 81, 111, 226), (0, 85, 119, 154), (0, 90, 107, 109),
(0, 86, 117, 143).
(v,w) = (349, 57) G = Z292
(0, 4, 20, 44, 92), (0, 8, 60, 116, 22), (0, 12, 80, 180, 143),
(0, 28, 132, 164, 34), (0, 36, 120, 165, 17), (0, 64, 140, 155, 251),
(0, 77, 26, 87), (0, 185, 18, 99), (0, 113, 246, 171),
(0, 221, 126, 115), (0, 265, 82, 47), (0, 249, 50, 139),
(0, 141, 62, 39), (0, 261, 70, 119), (0, 5, 90, 123),
(0, 13, 78, 147), (0, 21, 138, 135), (0, 25, 122, 67),
(0, 29, 30, 83), (0, 57, 66, 59).
(v,w) = (389, 57) G = Z332
(0, 8, 84, 216, 131), (0, 4, 28, 40, 92), (0, 20, 80, 224, 282),
(0, 16, 136, 168, 17), (0, 72, 140, 254, 221), (0, 48, 148, 134, 273),
(0, 44, 156, 62, 289), (0, 56, 160, 61, 157), (0, 77, 38, 31),
(0, 185, 22, 67), (0, 113, 258, 235), (0, 237, 162, 291),
(0, 269, 98, 79), (0, 241, 30, 103), (0, 141, 26, 51),
(0, 261, 82, 135), (0, 9, 66, 155), (0, 13, 42, 15),
(0, 21, 226, 11), (0, 49, 222, 55), (0, 65, 102, 239),
(0, 69, 34, 223).
(v,w) = (409, 57) G = Z352
(0, 8, 28, 108, 156), (0, 124, 173, 90, 211), (0, 16, 72, 284, 167),
(0, 36, 96, 200, 282), (0, 4, 44, 136, 281), (0, 24, 76, 254, 9),
(0, 12, 172, 142, 7), (0, 32, 144, 126, 1), (0, 64, 184, 283, 47),
(0, 77, 54, 79), (0, 189, 14, 43), (0, 113, 266, 247),
(0, 225, 190, 291), (0, 249, 78, 51), (0, 241, 46, 131),
(0, 161, 22, 119), (0, 261, 58, 147), (0, 13, 50, 39),
(0, 21, 102, 159), (0, 33, 74, 183), (0, 45, 118, 55),
(0, 53, 182, 59), (0, 65, 62, 259).
(v,w) = (449, 57) G = Z392
(0, 4, 28, 60, 108), (0, 112, 22, 206, 357), (0, 116, 20, 79, 203),
(0, 172, 345, 283, 202), (0, 88, 160, 12, 191), (0, 8, 140, 176, 2),
(0, 16, 144, 308, 5), (0, 40, 192, 14, 15), (0, 44, 180, 266, 23),
(0, 188, 68, 114, 121), (0, 64, 156, 199, 251), (0, 133, 58, 175),
(0, 181, 18, 51), (0, 113, 258, 267), (0, 225, 198, 327),
(0, 261, 106, 119), (0, 233, 38, 115), (0, 161, 34, 171),
(0, 285, 78, 123), (0, 17, 110, 71), (0, 29, 182, 99),
(0, 41, 146, 91), (0, 61, 158, 227), (0, 73, 122, 223),
(0, 85, 66, 3).
(v,w) = (469, 57) G = Z412
(0, 4, 60, 156, 176), (0, 64, 164, 311, 253), (0, 208, 142, 290, 357),
(0, 192, 32, 183, 219), (0, 132, 303, 381, 282), (0, 8, 84, 188, 199),
(0, 12, 52, 124, 331), (0, 16, 44, 184, 190), (0, 48, 136, 2, 5),
(0, 24, 144, 269, 387), (0, 68, 196, 353, 35), (0, 92, 200, 102, 182),
(0, 77, 62, 239), (0, 181, 42, 95), (0, 301, 34, 271),
(0, 233, 194, 347), (0, 257, 178, 71), (0, 361, 70, 87),
(0, 113, 22, 63), (0, 277, 74, 75), (0, 13, 110, 227),
(0, 29, 158, 195), (0, 45, 106, 83), (0, 57, 126, 211),
(0, 73, 26, 19), (0, 105, 242, 119).
(v,w) = (385, 61) G = Z324
(0, 4, 44, 56, 124), (0, 8, 92, 156, 202), (0, 16, 48, 144, 1),
(0, 28, 88, 160, 147), (0, 20, 136, 38, 146), (0, 24, 100, 187, 299),
(0, 36, 140, 19, 171), (0, 321, 242, 167), (0, 77, 22, 83),
(0, 185, 30, 51), (0, 113, 258, 219), (0, 225, 158, 223),
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(0, 253, 138, 111), (0, 233, 58, 131), (0, 141, 14, 107),
(0, 261, 26, 191), (0, 5, 42, 95), (0, 9, 54, 123),
(0, 41, 74, 103), (0, 57, 174, 151), (0, 85, 78, 35),
(0, 97, 86, 215).
(v,w) = (405, 61) G = Z344
(0, 4, 44, 112, 128), (0, 32, 120, 138, 198), (0, 8, 72, 168, 5),
(0, 12, 144, 164, 121), (0, 24, 80, 116, 9), (0, 28, 104, 34, 233),
(0, 52, 208, 334, 39), (0, 48, 148, 101, 241), (0, 325, 262, 167),
(0, 77, 22, 51), (0, 185, 50, 75), (0, 113, 278, 247),
(0, 221, 162, 311), (0, 265, 118, 91), (0, 245, 38, 143),
(0, 141, 14, 171), (0, 261, 42, 131), (0, 1, 46, 115),
(0, 21, 94, 211), (0, 37, 122, 35), (0, 41, 194, 183),
(0, 57, 74, 155), (0, 61, 54, 119).
(v,w) = (421, 65) G = Z356
(0, 4, 60, 128, 136), (0, 44, 184, 218, 42), (0, 12, 96, 168, 145),
(0, 16, 48, 208, 1), (0, 24, 116, 144, 53), (0, 36, 88, 6, 114),
(0, 40, 104, 351, 147), (0, 20, 100, 13, 125), (0, 317, 206, 127),
(0, 77, 22, 59), (0, 185, 10, 83), (0, 113, 270, 203),
(0, 233, 158, 179), (0, 257, 98, 71), (0, 241, 50, 119),
(0, 141, 38, 35), (0, 261, 94, 151), (0, 9, 74, 235),
(0, 17, 146, 135), (0, 33, 202, 19), (0, 61, 162, 131),
(0, 81, 294, 139), (0, 85, 126, 219), (0, 97, 46, 163).
(v,w) = (397, 69) G = Z328
(0, 4, 20, 32, 84), (0, 8, 44, 100, 196), (0, 24, 112, 160, 163),
(0, 40, 108, 212, 133), (0, 72, 148, 286, 78), (0, 60, 184, 253, 53),
(0, 289, 242, 15), (0, 77, 22, 87), (0, 317, 94, 95),
(0, 185, 14, 63), (0, 113, 262, 203), (0, 221, 130, 111),
(0, 257, 102, 123), (0, 245, 34, 119), (0, 141, 38, 159),
(0, 261, 62, 99), (0, 5, 142, 151), (0, 13, 58, 167),
(0, 33, 74, 31), (0, 57, 210, 27), (0, 61, 150, 35),
(0, 73, 50, 231), (0, 81, 98, 127).
(v,w) = (469, 77) G = Z392
(0, 4, 28, 84, 156), (0, 8, 76, 108, 212), (0, 12, 132, 172, 342),
(0, 36, 88, 228, 195), (0, 44, 92, 306, 366), (0, 20, 168, 225, 349),
(0, 16, 112, 325, 109), (0, 64, 248, 29, 145), (0, 69, 106, 227),
(0, 125, 174, 351), (0, 297, 22, 111), (0, 301, 202, 151),
(0, 77, 54, 115), (0, 189, 34, 47), (0, 113, 254, 259),
(0, 229, 6, 339), (0, 265, 82, 71), (0, 249, 58, 123),
(0, 161, 42, 171), (0, 261, 114, 139), (0, 1, 102, 75),
(0, 17, 154, 19), (0, 21, 94, 87), (0, 45, 230, 31),
(0, 85, 30, 39), (0, 97, 18, 175), (0, 105, 90, 239).
(v,w) = (489, 77) G = Z412
(0, 16, 204, 217, 362), (0, 8, 72, 116, 184), (0, 4, 36, 60, 136),
(0, 40, 124, 220, 222), (0, 28, 156, 244, 215), (0, 48, 200, 258, 338),
(0, 12, 160, 341, 21), (0, 20, 164, 401, 129), (0, 52, 172, 271, 375),
(0, 361, 106, 279), (0, 365, 194, 131), (0, 373, 22, 199),
(0, 305, 226, 243), (0, 77, 34, 115), (0, 189, 46, 19),
(0, 113, 266, 311), (0, 245, 18, 363), (0, 249, 114, 119),
(0, 233, 26, 123), (0, 161, 6, 91), (0, 261, 78, 111),
(0, 1, 126, 247), (0, 25, 90, 15), (0, 41, 134, 127),
(0, 57, 162, 159), (0, 69, 14, 339), (0, 117, 94, 147),
(0, 137, 42, 191).
Our next set of constructions is similar to the first set, except that the ta (resp. tb, etc.) base blocks superscripted by a
(resp. b, etc.) have residues that are distinct modulo 4ta (resp. 4tb, etc.), and together generate 4ta (resp. 4tb, etc.) parallel
classes.
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(v,w) = (89, 17) G = Z72
(1, 2, 18, 26, 30), (1, 11, 24, 38), (4, 50, 56, 71)a,
(5, 37, 39, 46)a, (6, 45, 48, 67)a.
(v,w) = (137, 29) G = Z108
(1, 25, 29, 37, 89), (2, 3, 25, 104), (1, 22, 39, 64),
(4, 14, 51, 81), (12, 25, 27, 30), (10, 44, 63, 102)a,
(5, 38, 64, 73)a, (7, 21, 72, 83)a.
(v,w) = (189, 37) G = Z152
(1, 64, 65, 73, 121), (1, 3, 93, 113, 129), (3, 25, 32, 42),
(4, 18, 31, 89), (1, 22, 71, 76), (8, 27, 33, 92)a,
(2, 5, 55, 110)a, (1, 5, 35, 46)b, (7, 50, 124, 136)b,
(4, 77, 105, 138)c , (3, 40, 55, 86)c .
(v,w) = (257, 49) G = Z208
(0, 4, 20, 28, 68), (0, 12, 44, 100, 136), (0, 14, 80, 91, 187),
(0, 5, 60, 90)a, (3, 79, 102, 129)a, (0, 83, 114, 189),
(0, 1, 43, 146), (0, 13, 78, 87), (0, 25, 58, 147),
(0, 29, 39, 46), (0, 22, 37, 71), (0, 45, 51, 98),
(0, 54, 57, 127), (0, 67, 69, 182), (0, 38, 79, 97).
(v,w) = (289, 57) G = Z232
(0, 4, 20, 76, 140), (0, 8, 48, 152, 180), (0, 12, 36, 85, 200),
(0, 84, 90, 197)a, (3, 109, 111, 126)a, (0, 82, 103, 181),
(0, 27, 122, 185), (0, 59, 98, 189), (0, 1, 34, 87),
(0, 13, 50, 55), (0, 22, 25, 79), (0, 11, 29, 94),
(0, 41, 111, 118), (0, 31, 45, 202), (0, 46, 69, 135),
(0, 62, 71, 81), (0, 67, 93, 194).
(v,w) = (417, 89) G = Z328
(8, 80, 128, 144, 296), (40, 64, 72, 168, 312), (0, 20, 209, 269, 2),
(0, 76, 317, 177)a, (2, 46, 267, 199)a, (0, 132, 301, 185)b,
(2, 102, 143, 195)b, (0, 92, 54, 162)c , (1, 37, 63, 187)c ,
(0, 84, 130, 245)d, (3, 31, 177, 310)d, (0, 148, 217, 250)e,
(3, 15, 205, 206)e, (0, 156, 201, 223)f , (2, 6, 83, 317)f ,
(0, 321, 90, 163), (0, 253, 42, 155), (0, 109, 6, 243),
(0, 205, 58, 95), (0, 5, 34, 15), (0, 9, 66, 23),
(0, 25, 254, 55), (0, 65, 210, 179), (0, 89, 86, 39),
(0, 157, 106, 35).
(v,w) = (489, 97) G = Z392
(0, 20, 68, 252, 2), (0, 8, 36, 144, 7), (0, 32, 84, 156, 272),
(0, 24, 112, 128, 192), (0, 4, 44, 100, 176), (0, 69, 106, 347),
(0, 125, 174, 31), (0, 297, 82, 335), (0, 301, 242, 239),
(0, 381, 154, 311), (0, 77, 198, 383), (0, 189, 42, 23),
(0, 113, 262, 275), (0, 229, 30, 127), (0, 269, 170, 87),
(0, 237, 14, 115), (0, 161, 58, 43), (0, 261, 78, 171),
(0, 5, 318, 55), (0, 25, 110, 47), (0, 33, 178, 67),
(0, 53, 158, 107), (0, 61, 26, 251), (0, 65, 266, 71),
(0, 73, 46, 259), (0, 180, 353, 21)a, (3, 167, 378, 78)a,
(0, 12, 217, 258)b, (3, 151, 13, 286)b.
(v,w) = (517, 109) G = Z408
(0, 16, 120, 184, 208), (0, 8, 80, 360, 12), (0, 40, 136, 296, 197),
(0, 32, 176, 268, 62), (0, 84, 51, 95)a, (1, 53, 138, 334)a,
(0, 124, 34, 163)b, (1, 181, 134, 191)b, (0, 148, 222, 386)c ,
(3, 111, 153, 253)c , (0, 76, 177, 293)d, (2, 30, 55, 211)d,
(0, 20, 345, 69)e, (2, 38, 339, 119)e, (0, 201, 134, 3),
(0, 121, 290, 179), (0, 77, 98, 171), (0, 189, 66, 7),
(0, 113, 262, 267), (0, 221, 18, 183), (0, 257, 122, 79),
(0, 249, 26, 119), (0, 161, 6, 35), (0, 261, 46, 87),
(0, 1, 106, 195), (0, 9, 54, 91), (0, 13, 166, 27),
(0, 17, 162, 19), (0, 65, 50, 175), (0, 97, 270, 167),
(0, 109, 78, 23).
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Table 1
Some ITD constructions for (v, {5, w∗} , 1)-PBDs
ITD(k, n; h) v w 5-IGDD type+ extra points
ITD(6, 19; 1) 449 37 (76, 4)5(56, 4)1 + (13, 13)
ITD(6, 21; 1) 509 37 (84, 4)5(76, 4)1 + (13, 13)
ITD(6, 11; 1) 477 49 (88, 8)5(36, 8)1 + (1, 1)
ITD(6, 11; 1) 517 49 (88, 8)5(76, 8)1 + (1, 1)
ITD(6, 11; 1) 509 57 (88, 8)5(52, 0)1 + (17, 17)
ITD(6, 11; 1) 529 57 (88, 8)5(72, 0)1 + (17, 17)
ITD(6, 13; 1) 589 57 (104, 8)5(52, 0)1 + (17, 17)
ITD(6, 28; 2) 649 57 (112, 8)5(76, 4)1 + (13, 13)
ITD(6, 15; 1) 689 57 (120, 8)5(80, 8)1 + (9, 9)
ITD(6, 15; 1) 709 57 (120, 8)5(100, 8)1 + (9, 9)
ITD(6, 33; 2) 749 57 (132, 8)5(76, 4)1 + (13, 13)
ITD(6, 22; 3) 529 77 (88, 12)5(76, 4)1 + (13, 13)
ITD(6, 25; 3) 589 77 (100, 12)5(72, 0)1 + (17, 17)
ITD(6, 25; 3) 609 77 (100, 12)5(92, 0)1 + (17, 17)
ITD(6, 28; 3) 649 77 (112, 12)5(84, 12)1 + (5, 5)
ITD(6, 30; 3) 709 77 (120, 12)5(92, 0)1 + (17, 17)
Next,we construct a (209, {5, 37∗} , 1)-PBDwhere the finite points areGF(4)×Z43, and the groups of size 4 areGF(4)×{i}
for i ∈ Z43. The base blocks are given below; each given size 4 block generates 4 parallel classes on the finite points.
((0, 0), (0, 21), (1, 24), (x, 6), (x+ 1, 12)),
((0, 0), (0, 1), (0, 5), (0, 13), (0, 15)), ((0, 0), (0, 3), (0, 9), (0, 20), (0, 27)),
((0, 0), (1, 41), (x, 42), (x+ 1, 24)), ((0, 0), (1, 7), (x, 22), (x+ 1, 27)),
((0, 0), (1, 33), (x, 27), (x+ 1, 38)), ((0, 0), (1, 12), (x, 32), (x+ 1, 36)),
((0, 0), (1, 8), (x, 4), (x+ 1, 33)), ((0, 0), (1, 16), (x, 8), (x+ 1, 30)),
((0, 0), (1, 20), (x, 34), (x+ 1, 17)), ((0, 0), (1, 15), (x, 13), (x+ 1, 22)),
((0, 0), (1, 1), (x, 33), (x+ 1, 3)).
Our final direct construction gives a new (397, {5, 97∗} , 1)-PBD. Here the finite points are Z60 × Z5, and the short block
((0, 0), (15, 0), (30, 0), (45, 0)) generates the groups of size 4. Note our first two base blocks are short, and each generates
60 blocks. The 5 blocks in any set marked ‘a’, ‘b’ or ‘c ’ generate 20 parallel classes since their 20 points all have distinct first
coordinates (mod 20). Similarly, the 3 base blocks in any set marked ‘d’, ‘e’ or ‘f ’ generate 12 parallel classes since their 12
points all have distinct first coordinates (mod 12).
((0, 0), (0, 1), (0, 2), (0, 3), (0, 4)), ((0, 0), (12, 1), (24, 2), (36, 3), (48, 4)),
((2, 1), (38, 1), (51, 1), (0, 1))a, ((6, 1), (7, 1), (23, 1), (35, 1))a,
((13, 1), (52, 3), (56, 2), (59, 0))a, ((1, 1), (9, 0), (10, 4), (25, 2))a,
((8, 1), (14, 0), (37, 4), (44, 2))a, ((6, 1), (9, 1), (21, 3), (34, 2))b,
((18, 1), (36, 4), (40, 4), (47, 3))b, ((17, 1), (42, 4), (50, 1), (59, 0))b,
((8, 1), (12, 2), (44, 3), (55, 0))b, ((5, 1), (11, 1), (13, 2), (23, 0))b,
((7, 1), (30, 1), (36, 2), (39, 3))c , ((8, 1), (20, 4), (25, 4), (35, 3))c ,
((12, 1), (33, 1), (34, 2), (38, 4))c , ((1, 1), (3, 0), (22, 0), (26, 3))c ,
((4, 1), (9, 3), (11, 1), (37, 0))c , ((15, 1), (18, 3), (31, 0), (53, 4))d,
((11, 1), (22, 4), (25, 3), (48, 0))d, ((4, 1), (9, 0), (44, 0), (50, 2))d,
((4, 1), (13, 2), (24, 3), (31, 4))e, ((17, 1), (18, 3), (57, 1), (58, 4))e,
((8, 1), (14, 4), (27, 2), (35, 0))e, ((15, 1), (29, 1), (45, 2), (55, 3))f ,
((13, 1), (23, 1), (28, 2), (42, 0))f , ((8, 1), (10, 3), (26, 1), (0, 1))f .
Lemma 17. A (v, {5, w∗} , 1)-PBD exists for (v,w) = (229, 49), (273, 53), (449, 89), (409, 97) and (457, 97).
Proof. For (v,w) = (229, 49), (273, 53), (449, 89) and (457, 97), we may take 5-GDDs of types 365441, 445521, 726 and
725801 (given by Theorem 6) and fill the groups using 5, 1, 17 and 17 extra points. For (v,w) = (409, 97), wemay complete
a 4-RGDD of type 2413 to give a 5-GDD of type 2413961, then fill the groups using an extra point and AG(2, 5)s. 
In Table 1 we give a number of constructions using ITDs.We start with an incomplete TD, truncate one group, then either
give all points a weight of 4, or give the points in the intact groups a weight of 8 and those in the truncated group weight
4 or 8. We then apply WFC, fill the groups with IPBDs using some extra missing points to arrive at the desired IPBD with a
hole of sizew. The ITDs are taken from [2,3,5].
These improvements for (v, {5, w∗} , 1)-PBDswithw < 100 are summarized in Table 2. Note that there are now no open
cases forw = 29, 41, 45, 53, 61, 65, in addition to the values ofw previously solved.
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Table 2
Open cases for (v, {5, w∗} , 1)-PBDs withw ≤ 97
w v ≡ w v 6≡ w (mod 20)
9 49
17 77
37 157, 197 169, 529
49 209 237
57 237 269
69 289 297, 317
77 317 369
89 369
97 429
4. Small v
In this section we are concerned with the cases where v ≤ 6w − 5, and with the cases where v ≡ w (mod 20). We will
only considerw > 100 here.
For v 6≡ w (mod 20), Bennett et al. [8] showed that there were no cases with 5w − 20 ≤ v ≤ 6w − 5 for w > 100
(in their Theorem 38, noting that 6w − 5 ≡ w (mod 20)). For v 6≡ w (mod 20) and v ≤ 6w − 5 with w > 100, they
showed that there were no cases with w ≡ 1, 5 (mod 20) (in their Theorem 60), and w ≡ 13 (mod 20) does not apply if
v 6≡ w (mod 20). Forw ≡ 9, 17 (mod 20), their results are given in Theorems 18 and 19.
Theorem 18 ([8, Theorem 82]). Let w ≡ 9 (mod 20). Then the necessary existence conditions for a (v, {5, w∗} , 1)-PBD are
sufficient for w ≥ 149 and v ≤ 5w − 16 except for v = 4w + 13 and the following cases:
(1) for w = 229, and v = 1097;
(2) for w = 269, and 1097 ≤ v ≤ 1277 with v ≡ 17 (mod 20);
(3) for w = 469, and v = 1897 or v = 2157;
(4) for w = 589, and v = 2377 or v = 2637.
Theorem 19 ([8, Theorem 85]). Let w ≡ 17 (mod 20). Then the necessary existence conditions for a (v, {5, w∗} , 1)-PBD are
sufficient for w ≥ 277 and v ≤ 5w − 16 except for v = 4w + 9 and v = 4w + 21 and the following cases:
(1) for w = 377, and 1517 ≤ v ≤ 1789;
(2) for w = 397, and 1597 ≤ v ≤ 1889;
(3) for w = 457, and v = 2189;
(4) for w = 537, and 2157 ≤ v ≤ 2549;
(5) for w = 557, and 2237 ≤ v ≤ 2649;
(6) for w = 597, and v = 2397, 2409, 2429, 2437, 2449, 2489, 2509, 2609, 2689, 2749 and 2769.
The main tool Bennett et al. used for proving Theorems 18 and 19 for the smallest values of v for any given w was a
basically weaker version of Theorem 22 below. First we need to note that an IRB(3v + 1, 3w + 1) is a (3v + 1, 4, 1) RBIBD
containing a (3w + 1, 4, 1) RBIBD as a subdesign, with the additional property that each parallel class in the subdesign is
contained in a single parallel class of the superdesign. Theorem20 gives some caseswhere such IRBs are known; Theorem21
gives a consequence of completing the parallel classes of these IRBs, and Theorem 22 gives the actual construction we need.
Theorem 20 ([12]). The necessary conditions for an IRB(3v+1, 3w+1) to exist are that v ≡ w ≡ 1 (mod 4) and v ≥ 4w+1.
These necessary conditions are sufficient in the following cases:
1. w ∈ {9, 13, 17, 29} and (v,w) 6= (57, 13) or (121, 29);
2. w = 97 and v 6∈ {413, 425, 429}.
Theorem 21. If an IRB(3v + 1, 3w + 1) exists, then a (4v + 1, v, 4w + 1, w; 5)-♦-IPBD exists.
Theorem 22. Suppose there exists an IRB(3(n + a) + 1, 3a + 1) with n ≡ 0 (mod 4), a ≡ 1 (mod 4) and n, a ≥ 5. If a
(4a+ 4s+ 1, {5, a∗} , 1)-PBD exists with s ≤ n, then a (20n+ 4a+ 4s+ 1, {5, (5n+ a)∗} , 1)-PBD exists.
Proof. Since n ≡ 0 (mod 4) and n > 4, we may start with a TD(6, n). Truncate one group to size s and give points in the
truncated group a biweight of (4, 0) and the rest a biweight of (4, 1) in WFC to get a 5-IGDD of type (4n, n)5(4s, 0)1. Using
(4a + 1, a) extra points, fill 5 groups with (4n+ 4a+ 1, n+ a, 4a+ 1, a; 5)-♦-IPBDs to get a (20n + 4a + 4s + 1, 5n +
a, 4a+ 4s+ 1, a; 5)-♦-IPBD and then, by filling the♦-IPBD with a (4a+ 4s+ 1, a; 5)-IPBD we obtain the desired PBD. 
Corollary 23. A (v, {5, w∗} , 1)-PBD exists in the following cases:
1. w ≡ 9 (mod 20) whenw ≥ 149, for 4w + 1 ≤ v ≤ 24(w − 9)/5+ 37 with v 6= 4w + 13;
2. w ≡ 9 (mod 20) whenw ≥ 469 withw 6= 489, for v = 4w + 13;
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3. w ≡ 17 (mod 20) andw ≥ 277, for 4w + 1 ≤ v ≤ 24(w − 17)/5+ 69 with v 6= 4w + 9;
4. w ≡ 17 (mod 20) whenw ≥ 1557 withw 6∈ {1677, 1737, 1757}, for v = 4w + 9;
5. w ≡ 13 (mod 20) whenw ≥ 213 withw 6= 233, for 4w + 1 ≤ v ≤ 24(w − 13)/5+ 53.
Proof. Noting Theorem 20, we may take a = 9, 29, 17, 97, 13 in Theorem 22, and n = (w − a)/5. 
There still remains a gap for 24w/5 < v < 5w − 20 (approximately). We use Lemma 24 to deal with this.
Lemma 24. Let w > e ≥ 1. If a (w, {5, e∗} , 1)-PBD exists, then it follows that a (5w − e+ 1, {5, w∗} , 1)-PBD exists.
Proof. Take a 5-GDD of type (w − e)5(3e+ 1)1 and fill the groups using e extra points. There are no possible exceptions of
this form for 5-GDDs in Theorem 6. 
Corollary 25. A (v, {5, w∗} , 1)-PBD exists in the following cases:
(1) v = 5w − 28 for w ≡ 9 (mod 20) andw ≥ 129;
(2) v = 5w − 48 for w = 229;
(3) v = 5w − 16 for w ≡ 17 (mod 20) andw ≥ 97;
(4) v = 5w − 36 for w ≡ 17 (mod 20) andw ≥ 177, except possiblyw = 197;
(5) v = 5w − 56 for w ≡ 17 (mod 20) andw ≥ 257;
(6) v = 5w − 96 for w ≡ 17 (mod 20) andw ≥ 397, and for w = 457 in particular.
In the next three theorems, we give a strengthened and expanded version of Theorems 18 and 19.
Theorem 26. Let v ≡ 17 (mod 20), w ≡ 9 (mod 20). Then the necessary existence conditions for a (v, {5, w∗} , 1)-PBD are
sufficient for w ≥ 109, v ≤ 6w − 5 and v 6= 4w + 13 except possibly in the following cases:
(1) w = 109 and v ∈ {457, 497};
(2) w = 129 and v ∈ {557, 597}.
Proof. The case (v,w) = (517, 109) was obtained directly in Section 3. The improved Theorem 20 deals with
w ∈ {269, 589} via Corollary 23, while the new (137, {5, 29∗} , 1)-PBD and (397, {5, 29∗} , 1)-PBD deal with (v,w) =
(1897, 469) and (2157, 469), again via Corollary 23. Corollary 25 solves the values (v,w) = (617, 129) and (1097, 229).
We can also eliminate some values by filling the groups of a 5-GDD of type (w − e)5 using e extra points, in particular
925 + 17 and 1125 + 17. Completing the parallel classes of a 4-RGDD of type 2417 gives a 5-GDD of type 24171281. Using an
extra point to fill in its groups deals with (v,w) = (537, 129). 
Theorem 27. Let v ≡ 9 (mod 20), w ≡ 17 (mod 20). Then the necessary existence conditions for a (v, {5, w∗} , 1)-PBD are
sufficient for w ≥ 117 and v ≤ 6w − 5 except possibly for v = 4w + 9 and as follows:
(1) w = 117 and v ∈ {489, 529};
(2) w = 137 and v ∈ {589, 609, 629};
(3) w = 157 and v ∈ {649, 709, 729};
(4) w = 177 and v ∈ {789, 809, 829};
(5) w = 197 and v ∈ {829, 849, 889, 909, 929};
(6) w = 217 and v ∈ {909, 929, 949, 989, 1009, 1029};
(7) w = 237 and v ∈ {969, 989, 1009, 1089, 1109, 1129};
(8) w = 257 and v ∈ {1109, 1129, 1149, 1189, 1209}.
Proof. The improved Theorem 20 deals withw > 277,w 6= 457 via Corollary 23. The value (v,w) = (2189, 457) is solved
by Corollary 25, and the new (89, {5, 17∗} , 1)-PBD dealswith the v = 4w+21 exception inmost cases. For 117 ≤ w ≤ 257,
the range 5w− 16 ≤ v ≤ 6w− 5 is covered in [8, Theorem 38], and Corollary 25 covers v = 5w− 56 forw = 257. We can
also eliminate some values by filling the groups of a 5-GDD of type (w− e)5 using e extra points, in particular v = 5w− 36
follows from e = 9, and v = 5w − 116 follows from e = 29; take w = 217, 257 with e = 49 for v = 5w − 196.
Completing the parallel classes of 4-RGDDs of types 567, 767, 3617, 1167 and 3622 gives 5-GDDs of types 5671121, 7671521,
36171921, 11672321 and 36222521; filling in the groups of these 5-GDDs with 5 extra points deals with (v,w) = (509, 117),
(689, 157), (809, 197), (1049, 237) and (1049, 257). Similarly, completing the parallel classes in 4-RGDDs of types 2423,
4413, 1326 and 1167 gives 5-GDDs of types 24231761, 44131761, 13262201 and 11672321; filling the groups using 1, 1, 17 and
25 extra points respectively deals with (v,w) = (729, 177), (749, 177), (1029, 237) and (1069, 257). 
For v ≡ w (mod 20)withw > 100, Bennett et al. [8] (in their Table 1, Theorems 60 and 80, Remarks 83 and 86) showed
that, apart from six sporadic cases (v,w) = (977, 237), (1617, 397), (2197, 537), (593, 133), (1233, 293) and (1873, 453),
the only open cases with w > 100 fell into two series: v = 4w + 13 when w ≡ 9 (mod 20) and v = 4w + 9 when
w ≡ 17 (mod 20). Further, from Table 2, (v,w) = (197, 37) is the only possible exception for w < 100, v ≡ w (mod 20)
that does not fall into these two series. The next lemma improves this result.
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Table 3
Open cases for (v, {5, w∗} , 1)-PBDs with v ≡ w (mod 20) andw > 100
(v,w) (v,w) (v,w) (v,w)
v = 4w + 13 cases
(449, 109) (609, 149) (689, 169) (769, 189)
(889, 209) (1009, 249) (1089, 269) (1169, 289)
(1289, 309) (1409, 349) (1489, 369) (1569, 389)
(1689, 409) (1809, 449) (1969, 489)
v = 4w + 9 cases
(477, 117) (557, 137) (637, 157) (717, 177)
(877, 217) (957, 237) (1037, 257) (1117, 277)
(1277, 317) (1357, 337) (1437, 357) (1517, 377)
(1677, 417) (1757, 437) (1837, 457) (1917, 477)
(2077, 517) (2157, 537) (2237, 557) (2317, 577)
(2477, 617) (2557, 637) (2637, 657) (2717, 677)
(2877, 717) (2957, 737) (3037, 757) (3117, 777)
(3277, 817) (3357, 837) (3437, 857) (3517, 877)
(3677, 917) (3757, 937) (3837, 957) (3917, 977)
(4077, 1017) (4157, 1037) (4237, 1057) (4317, 1077)
(4477, 1117) (4557, 1137) (4637, 1157) (4717, 1177)
(4877, 1217) (4957, 1237) (5037, 1257) (5117, 1277)
(5277, 1317) (5357, 1337) (5437, 1357) (5517, 1377)
(5677, 1417) (5757, 1437) (5837, 1457) (5917, 1477)
(6077, 1517) (6157, 1537) (6717, 1677)
(6957, 1737) (7037, 1757)
Lemma 28. Let v ≡ w (mod 20)with v 6= 4w+ 13 and v 6= 4w+ 9. Then the necessary conditions for a (v, {5, w∗} , 1)-PBD
are sufficient with the possible exception of (v,w) = (197, 37).
Proof. We need only deal with Bennett et al.’s 6 sporadic cases with w > 100. For (v,w) = (977, 237), (593, 133), and
(1873, 453), fill the groups of 5-GDDsof types 14851881, 9251161 and28453721 using 49, 17 and81 extra points respectively.
The cases (v,w) = (1233, 293), (1617, 397) and (2197, 537) are covered by Corollary 23. 
Lemma 29. Let v ≡ w (mod 20). A (v, {5, w∗} , 1)-PBD exists in the following cases:
(1) w ≡ 97 (mod 100) and v = 4w + 9;
(2) w ≡ 29 (mod 100) and v = 4w + 13.
Proof. For part (1), we get a 5-GDD of type 300t+1(100t)1 by completing a 4-RGDD. Fill the groups using 97 extra points.
For part (2), take a 5-GDD of type (60t + 20)5(80t + 24)1 and fill the groups using 20t + 5 extra points. 
Combining Corollary 23, Lemmas 28 and 29 with results forw < 100, we may summarize our v ≡ w (mod 20) results.
Theorem 30. Let v ≡ w (mod 20). Then the necessary conditions for a (v, {5, w∗} , 1)-PBD are sufficient with the following
possible exceptions:
1. (v,w) = (197, 37);
2. v = 4w + 13 with either w = 489 or w ≤ 449,w 6≡ 29 (mod 100);
3. v = 4w + 9 with either w ∈ {1677, 1737, 1757} or w ≤ 1537,w 6≡ 97 (mod 100).
For convenience, Table 3 details the latter two parts of Theorem 30 and lists all the open cases for w > 100 with
v ≡ w (mod 20).
5. Large v
In this section we will consider v > 6w − 5 for 100 < w < 560. We have already shown that we need only consider
v 6≡ w (mod 20). Our first step is to establish sufficiency for any fixedw if v is large enough.
Bennett et al. (in [8, Theorem 42]) gave an improved version of Lick and Liu’s result [18, Theorem 1.2]. We now give a
further improved version.
Theorem 31. The necessary existence conditions for a (v, {5, w∗} , 1)-PBD are sufficient if v ≥ 16w + 21.
Proof. By Theorem 30, for v ≡ w (mod 20), v > 4w + 13 is sufficient with just one exception, (v,w) = (197, 37), having
v < 6w. For v 6≡ w (mod 20) set s = 4w + 1, so v ≡ s (mod 20), and an (s, {5, w∗} , 1)-PBD exists by Theorem 12. Now
a (v, {5, s∗} , 1)-PBD exists if v > 4s + 13 and s 6= 37, i.e., v > 16w + 17 and w 6= 9. However, for w = 9, v > 4w + 13
suffices. 
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Table 4
w∞ for s ≥ 16
n general s s = 12t s = 20t
7 2s 24t 0, s, 2s
8 N/A 28t 0, s
9 s 12t , 32t 0, s
11 0 0, 40tb 0, s
12 2sa,c,a,c, 24ta , 44t 0, s, 2sc
13 4s 48t 0, s, 4s
15 0, 3sa,c,a,c, 0, 12t , 24ta , 36ta , 56tb 0, s, 2sc , 3sc
16 0, 5s 0, 60t 0, s, 5s
a Denotes missing case for s = 24.
b Denotes missing case for s = 36.
c Denotes missing case for s = 40.
Remark 32. We will eventually show that the necessary existence conditions for a (v, {5, w∗} , 1)-PBD are sufficient if
v ≥ 5w andw ≥ 41, but Theorem 31 is useful in reducing the amount of work done in establishing this stronger bound.
Theorem 33. Suppose the following designs exist: a TD(6, n), 5-GDDs of types s5a1i for i = 1, 2, . . . , n − 1, and a 5-GDD
of type snw1∞. Then there exists a 5-GDD of type (5s)nA1 where A = w∞ +
∑
ai. If also, a (5s+ e, {5, e∗} , 1)-PBD and an
(A+ e, {5, e∗} , 1)-PBD exist, then a (v, {5, (5s+ e)∗} , 1)-PBD exists for v = 5ns+ A+ e.
Proof. Fill the groups of the TD using an infinite point, then remove a finite point and use its lines to define new groups to
get a {6, (n + 1)}-GDD of type 5nn1. Give all the points of the groups of size 5 a weight of s, and the n − 1 finite points of
the group of size n the weights ai for i = 1, 2, . . . , n − 1, and the infinite point a weight of w∞ to obtain the desired GDD,
then fill its groups using e extra points for the PBD. Table 4 gives suitable values of w∞ for which we have a 5-GDD of type
5nw1∞. 
Theorem 34 provides the ingredients that weight the infinite point in Theorem 33. In our application of Theorem 33, we
will only need to consider s ≥ 16.
Theorem 34. 5-GDDs of the following types exist:
(1) (20t)n for any n ≤ 5 and for any t;
(2) (4t)n for any n ≡ 0, 1 (mod 5) and for any t;
(3) (12t)n(4nt − 4t)1 for 5 ≤ n ≤ 22 when t 6= 3, with possible exceptions for n ∈ {11, 14, 15, 18} when t = 3;
(4) (4t)7(8t)1 for any t;
(5) (4t)12(8t)1 for any t 6∈ {2, 3, 6, 10};
(6) (4t)13(16t)1 for any t;
(7) (4t)15(ht)1 for h ∈ {4, 8, 12} and for any t 6∈ {2, 3, 6, 10};
(8) (4t)16(20t)1 for any t.
Proof. Parts (1) and (2) are from Theorem 4; parts (3), (4), (6) and (8) are given by completing the parallel classes of the
4-RGDDs given in Theorem 11; parts (5) and (7) with t = 1 are given by deleting a point on the distinguished block of a
(v, {5, (h+ 1)∗} , 1)-PBD and using its lines to generate groups and, for t > 1, by inflating the t = 1 case with a TD(5, t).

Our strategy now is to set w = 5s + e and apply Theorem 33, starting with n = 7 and increasing n until we can rely
on Theorem 31. Now we see if the ranges for adjacent values of n abut or overlap. Consider using weights of the form
s = 12t + b where b ∈ {0, 4, 8}, so that the group size is g = 5s and w = g + e where e ≤ 17 (so there are no missing
PBDs for v 6≡ w (mod 20)) and consider the gap between n = 9 and n = 11. The top of the range for n = 9 is at least
v = 9g + (12t + b+ (n− 1)(16t + b)−∆1) + e, where ∆1 ≤ 16 is an adjustment to get the last group into the correct
residue class. The bottom of the range for n = 11 is v = 11g + 4e+ 1. The ranges abut or overlap if:
9g + (12t + b+ 8(16t + b)−∆1)+ e ≥ 11g + 4e+ 1− 20
i.e., t ≥ 3 suffices. Similarly, we can check that other ranges overlap for t ≥ 1, and that the upper end for n = 16 exceeds
16w + 21, but the ranges for n = 7 and n = 9 do not overlap so we have problems when we have no construction for
n = 8. So nowwe just need to check we can use e > 20 in the g ≡ 0 (mod 60) (or (mod 100)) cases to cover the gap due to
the missing w∞ in some n = 8 cases, and to compute the smallest v we can construct; increasing e extends the smallest v
downwards. We could actually just use the g ≡ 0 (mod 60) cases with e ≤ 57 to deal with the n = 8 gaps asymptotically,
noting that our missing PBDs with e ≤ 57 from Table 2 eventually play no role as both the degree of overlap and the starting
point (w∞ for n = 7) increase with g and asymptotically exceed our largest open cases for any e ≤ 57. This would still leave
the cases with (roughly) v < 37w/5 unconstructed by this method.
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Table 5
Constructed sizes of the sizem group of a 5-GDD of type gnm1
n g = 100 g = 120 g = 140 g = 160 g = 180 g = 200
7 [0–184] [48–240] [56–272] [64–304] [72–360] [0–392]
8 [0–188] [56–280] N/A N/A [84–420] [0–404]
9 [0–212] [24–320] [28–316] [32–352] [36–480] [0–456]
11 [0–260] [0–400] [0–360] [0–400] [0–480] [0–560]
12 [0–304] [88–440] [56–452] [64–504] [72–660] [0–612]
13 [0–368] [96–480] [112–544] [128–608] [144–720] [0–784]
15 [0–396] [0–560] [0–588] [0–656] [0–780] [0–768]
16 [0–460] [0–600] [0–680] [0–760] [0–900] [0–980]
Since there are some exceptional missingw∞ for g ≤ 200, we will be more explicit for these cases. Details are provided
in Table 5.
As a first stepwewill only use e ∈ {1, 5, 9, 17}. It turns out that the only gapswehave are atv = 1149whenw = 117, and
the gaps caused by the missing n = 8 cases for g = 140 and 160. These gaps are in the range [1261–1309] and [1437–1489]
respectively, and can mostly be covered by the TD(6, 9) constructions for g = 120 and 140, using e ∈ {21, 25, 29, 37}. This
only fails for w = 157 where we lack a (157, {5, 37∗} , 1)-PBD, leaving a gap at v = 1289, 1309 when w = 157. The three
missing designs in these gaps are constructed in Table 6.
We still have the gap 6w − 5 < v ≤ 37w/5 (roughly) to deal with. Firstly, we can attack the lower part of this gap with
Lemma 16.2 using 1 or 9 extra points, and secondly, we can attack the upper part of this gap by using Theorem 33 with
n = 7 and larger values of e. (Note Theorem 33 with n = 7 also this gives type 807m1 and, with e = 21 and 25, we can cover
the ranges [645–725] forw = 101 and [661–721] forw = 105.)
Lemma 35. A 5-GDD of type (80r)6(4t)1 exists for 4t ≤ S, where S is given by:
r 1 2 3 4 5 6 7 8
S 100 200 400 500 600 800 900 1000
r 9 10 11 12 13 14 15 16
S 1200 1300 1400 1600 1700 1800 2000 2100
For r > 16, we may take S = 100r.
Proof. Starting with a completed 5-RGDD from Theorem 9 we get a 6-GDD of type 206251, then using ingredients from
Theorem 6 inWFC, giving all the points in the groups of size 20 a weight of 4r . The exceptions in Theorem 6 cause this to fail
for types 2406n1 with n ∈ {4, 8, 20}, but here we can add n/4 points to a 5-RGDD of type 606, and give all points a weight of
4 in WFC. For any r > 16, we always have the choice of giving the completion points a weight of 4swith 0 ≤ 4s ≤ 4r . 
Application of Lemma 35 gives a number of improvements for 161 ≤ w ≤ 189. Finally, we use an ITD construction (the
details are given in Table 6) to deal with the remaining open cases for 100 < w < 220.
We may proceed in this fashion and deal with larger values ofw.
Now, let us concentrate on the gap caused by the missing n = 8 construction when g 6≡ 0 (mod 60). As we have seen,
we do not have problems when g ≡ 0 (mod 100). We can deal with the gap for 5s = g = w − e = 220, 260, 280, 320,
340, 380, 440, 460, 520 using Theorem 33 with (g, n) = (200, 8), (240, 8), (240, 9), (300, 9), (300, 9), (360, 9), (420, 8),
(420, 8), (480, 8). After dealing with the missing n = 8 cases, we have a number of exceptions with 6w − 5 < v < 7w
which are all dealt with in Table 6.
We may summarize the results of this section.
Theorem 36. If 100 < w < 560 and v > 6w − 5, then the necessary conditions for the existence of a (v, {5, w∗} , 1)-PBD are
sufficient.
6. Largew
In this section we will deal with w > 560 and v 6≡ w (mod 20). Although it is likely that we could continue as in the
previous section without having to clean up too much afterwards with ad hoc constructions as in Table 6, we will change
our construction so that it is easier to see that the necessary conditions are sufficient for v > 6w − 5 whenw > 560.
Lemma 37. Let r ≤ m and 4t ≤ 100m. If a TD(7,m) exists, then a 5-GDD of type (80m)5(80r)1(4t)1 exists.
Proof. Give all points in 5 groups a weight of 80, and give r points in another group a weight of 80 and the other m − r a
weight of 0, and give the points of the last group weights totalling 4t , then apply WFC. The needed ingredients are 5-GDDs
of types 805(4a)1 for 0 ≤ 4a ≤ 100 which are obtained from Theorem 6, and 5-GDDs of types 806(4a)1 for 0 ≤ 4a ≤ 100
were given in Lemma 35. 
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Table 6
More ITD constructions for (v, {5, w∗} , 1)-PBDs
ITD(k, n; h) v w 5-IGDD type+ extra points
ITD(6, 31; 5) [657–717] 109 (124, 20)5([36–96], 8)1 + (1, 1)
ITD(6, 32; 5) [709–749] 117 (128, 20)5([60–100], 8)1 + (9, 9)
ITD(6, 50; 5) 1149 117 (200, 20)5(148, 16)1 + (1, 1)
ITD(6, 35; 6) 765 121 (140, 24)5(64, 0)1 + (1, 1)
ITD(6, 35; 6) [777–797] 129 (140, 24)5([76–96], 8)1 + (1, 1)
ITD(6, 19; 3) [829–889] 137 (152, 24)5([64–124], 12)1 + (5, 5)
ITD(6, 44; 7) 905 141 (176, 28)5(24, 0)1 + (1, 1)
ITD(6, 44; 7) 921 145 (176, 28)5(40, 4)1 + (1, 1)
ITD(6, 42; 7) [897–937] 149 (168, 28)5([56–96], 8)1 + (1, 1)
ITD(6, 44; 7) [949–1029] 157 (176, 28)5([68–148], 16)1 + (1, 1)
ITD(6, 49; 7) 1049 157 (196, 28)5(68, 16)1 + (1, 1)
ITD(6, 57; 7) [1289–1309] 157 (228, 28)5([140–160], 8)1 + (9, 9)
ITD(6, 57; 9) [1197–1217] 189 (228, 36)5([56–76], 8)1 + (1, 1)
ITD(6, 57; 9) [1209–1329] 197 (228, 36)5([68–188], 16)1 + (1, 1)
ITD(6, 30; 5) [1277–1357] 209 (240, 40)5([76–156], 8)1 + (1, 1)
ITD(6, 30; 5) [1329–1389] 217 (240, 40)5([128–188], 16)1 + (1, 1)
ITD(6, 67; 10) 1429 217 (268, 40)5(80, 8)1 + (9, 9)
ITD(6, 30; 5) 1405 221 (240, 40)5(204, 20)1 + (1, 1)
ITD(6, 30; 5) 1421 225 (240, 40)5(220, 24)1 + (1, 1)
ITD(6, 65; 10) [1417–1497] 229 (260, 40)5([116–196], 28)1 + (1, 1)
ITD(6, 64; 10) 1469 237 (256, 40)5(184, 32)1 + (5, 5)
ITD(6, 65; 10) [1489–1529] 237 (260, 40)5([188–248], 36)1 + (1, 1)
ITD(6, 66; 10) 1569 237 (264, 40)5(248, 36)1 + (1, 1)
ITD(6, 85; 14) 1917 289 (340, 56)5(212, 4)1 + (5, 5)
ITD(6, 85; 14) 1949 297 (340, 56)5(244, 12)1 + (5, 5)
ITD(6, 85; 14) 1905 301 (340, 56)5(196, 16)1 + (5, 5)
ITD(6, 85; 14) [1917–1997] 309 (340, 56)5([212–292], 24)1 + (5, 5)
ITD(6, 85; 14) [1969–2009] 317 (340, 56)5([264–304], 32)1 + (5, 5)
ITD(6, 91; 14) [2029–2089] 317 (364, 56)5([196–256], 24)1+ (13, 13)
ITD(6, 115; 19) 2529 397 (460, 76)5(224, 12)1 + (5, 5)
Ifw > 560, let us writew = 80r + ewhere 1 ≤ e ≤ 77. Then, if v > 6w − 5, we can write v (not necessarily uniquely)
as v = 5 · 80m + 80r + 4t + e with r ≤ m and 3e + 1 ≤ 4t < 100m. Now, if a TD(7,m) exists and a (4t + e, {5, e∗} , 1)-
PBD exists, then so does a (v, {5, w∗} , 1)-PBD as we can fill the GDD given in Lemma 37 using e extra points, noting that
an (80m+ e, {5, e∗} , 1)-PBD exists for m ≥ 4. We also note that filling a 5-GDD from Theorem 6 with 1 or 9 extra points
covers the range (in v) from 6w−5 through the first valid construction provided a TD(7, r) exists. Actually, Theorem 6 gives
sufficient overlap (when a TD(7, r) exists) that the exception caused by the missing (4t + e, {5, e∗} , 1)-PBD is covered for
r ≥ 7, except for the missing (529, {5, 37∗} , 1)-PBD, which needs r ≥ 13 for coverage.
For most of our missing PBDs with v 6≡ w (mod 20) and w < 80 (which are the only cases of concern here) we have
v ≤ 4w+ 61, and we will call this set of missing PBDs set B. The remaining case is (v,w) = (529, 37) and this case will be
the sole member of set A.
So now our main difficulties arise if no TD exists or no (4t + e, {5, e∗} , 1)-PBD exists; there are also two small gaps at
4500 < v−w < 4400+ 3e+ 1 and 6500 < v−w < 6400+ 3e+ 1, both for e ≥ 41 only, where the ranges for successive
TDs do not abut or overlap.
Now consider the construction using v = 400m + 80r + 4t + e where no ((4t + e), {5, e∗} , 1)-PBD exists (so
(4t + e, e) ∈ A ∪ B). We can replace this construction using a TD(7,m − 1) so v = 400(m − 1) + 80r + (4t + 400) + e,
or else using a TD(7,m − 2) so v = 400(m − 2) + 80r + (4t + 800) + e. If (4t + e, e) ∈ B (resp. (4t + e, e) ∈ A), then
the first alternative is available for all m ≥ 8 (resp. m ≥ 10) where a TD(7,m − 1) exists, except m = r . If (4t + e, e) ∈ B
(resp. (4t + e, e) ∈ A), then the second alternative is available for all m ≥ 13 (resp. m ≥ 15) where a TD(7,m − 1) exists,
except m ≤ r + 1. Recalling Theorem 2, we see that this will take care of all PBD exceptions for m ≥ 17 except m = r + 1
when no TD(7, r) exists.
Now suppose w = 80r + e with r ≥ 13 and e < 80. We start by applying Lemma 35 which has v = 6w − 2e + 1 as
its lower limit, so there is no gap with v > 6w − 5. Theorem 6 covers any missing PBDs, and the upper end of the range in
Lemma 35 is large enough to cover the PBD exceptions in the smallest m > r where we have a TD(7,m). For this smallest
value ofm = m0, we can apply Lemma 37, and again the upper end of our constructions withm = mi are sufficient to cover
the exceptions in Lemma 37, applied withm = mi+1, wheremi+1 is the next value ofm for which a TD(7,m) exists. Applied
recursively, this deals with all cases withw > 80 · 13 = 1040. For r < 13, this procedure will deal with all PBDs except for
the two gaps with e ≥ 41, the set A exceptions withm ≤ 16 and the set B exceptions withm = 11, 16 and r < m.
Lemma 38. Let r ≤ m, s ≤ m and 4t ≤ 100m. If a TD(8,m) exists, then a 5-GDD of type (80m)5(80r)1(80s)1(4t)1 exists,
except possibly when 4t ∈ {4, 8}.
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Proof. The proof is similar to that of Lemma 37. Now take the TD(8,m), and give all points in 5 groups a weight of 80, and
give s points in the sixth group and r points in the seventh group a weight of 80 and the other points in these two groups a
weight of 0, and give the points of the last group weights totalling 4t , then apply WFC.
For the new ingredient, fill the groups of a TD(6, 7) with an infinite point, then delete a finite point and use its lines
as groups for a {6, 8}-GDD of type 5771. Now give the infinite point a weight of 12, all the points of the groups of size 5 a
weight of 16, and the other points weights of 0 through 20 for a 5-GDD of type 807n1 for 12 ≤ n ≤ 132, noting a 5-GDD
of type 167121 exists by Theorem 7. A weight of 32 for the infinite point shows we can construct a 5-GDD of type 807n1 for
12 ≤ n ≤ 152, noting a 5-GDD of type 167321 is given by completing a 4-RGDD. Finally, for n = 0, a 5-GDD of type 807 is
known. 
Now we may apply Lemma 38 with 80s = 400 and m = 9, 13 to deal with the two gaps with e ≥ 41 (noting that
there are no missing PBDs needed here), and these applications also cover all the missing cases caused by set B exceptions.
For the set A exceptions, replace the failed Lemma 37 construction with 4t + 37 = 529 by a Lemma 38 construction with
4t + 37 = 289 and 80s = 240. This option is not available when m = 12, as we only have a TD(7, 12); however, this
exception can be covered using a TD(7, 11) with 4t + e = 929 in Lemma 35, except in the case that r = m = 12. This
exceptional value is also an exception in Lemma 35. Since the set A exceptions in Lemma 37 are covered by Theorem 6 for
r ≥ 13, the only other exception in Lemma 35 that we cannot cover with Lemma 38 occurs with r = 10, where a TD for
Lemma 38 is not available. These final two exceptions, namely (v,w) = (5329, 837) and (6289, 997), can be solved with
Lemma 35 which gives 5-GDDs of types 72068921 and 84068921, and we can fill the groups of these GDDs using 117 extra
points.
We summarize the results for this section.
Theorem 39. The necessary conditions for a (v, {5, w∗} , 1)-PBD are sufficient for w > 560 if v > 6w − 5.
7. PBD summary
We have now shown that there are no open cases for v > 6w − 5 when w > 100, and Table 2 lists our open cases for
w < 100, so Theorems 26 and 27 give all the open cases for w > 100 with v 6≡ w (mod 20) and Table 3 (which details
Theorem 30) lists all the open cases forw > 100 with v ≡ w (mod 20).
Note that the necessary conditions, namely w ≡ 1 (mod 4) and v ≥ 4w + 1 and either v ≡ w (mod 20) or
v + w ≡ 6 (mod 20) are sufficient whenw ≡ 1, 5, 13 (mod 20).
8. An application to covering designs
A t-(v, k, λ) covering design, (V,B), is a set of blocks, B, of uniform size k with the property that every t-tuple of the
point set,V , occurs in at least λ blocks. We will only consider 2-(v, 5, 1) covers here, i.e., pair covers by blocks of size 5, and
restrict our study to the case v ≡ 1 (mod 4). We wish to establish the value of the covering number, C(v, 5, 2), which is the
number of blocks in the smallest 2-(v, 5, 1) covering design. This number satisfies the Schönheim bound [20]:
Cλ(v, k, 2) ≥ Lλ(v, k, 2) =
⌈
v
k
⌈
λ(v − 1)
k− 1
⌉⌉
.
We drop the subscript when λ = 1.
Using our improved results for (v, {5, 97∗} , 1)-PBD, we can update [8, Theorem 97].
Theorem 40. The following is known for the values of C(v, 5, 2):
(1) if v ≡ 9 (mod 20), then C(v, 5, 2) = L(v, 5, 2) with the definite exception of v = 9 and 29, and the possible exceptions of
49 ≤ v ≤ 369 and v = 429;
(2) if v ≡ 13 (mod 20), then C(v, 5, 2) = L(v, 5, 2)+ 1 with the definite exception of v = 13, and the possible exceptions of
v = 53 and 73;
(3) if v ≡ 17 (mod 20), then C(v, 5, 2) = L(v, 5, 2) with the definite exception of v = 17, and the possible exceptions of
v = 37, 57, 77, 137, 157, 177, 237, 257, 277, 337, 357 and 377.
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